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BOUNDEDNESS OF REGULAR DEL PEZZO
SURFACES OVER IMPERFECT FIELDS
HIROMU TANAKA
Abstract. For a regular del Pezzo surface X , we prove that | −
12KX | is very ample. Furthermore, we also give an explicit upper
bound for the volume K2
X
which depends only on its thickening
exponent ǫ(X/k). As a consequence, we obtain the boundedness
of geometrically integral regular del Pezzo surfaces.
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2 HIROMU TANAKA
1. Introduction
One of important classes of algebraic varieties are Fano varieties.
For example, classification of Fano varieties has been an interesting
problem in algebraic geometry. Indeed, Fano varieties are classified in
dimension at most three (cf. [MM83]). Although it seems to be diffi-
cult to obtain complete classification in higher dimension, it turns out
that Fano varieties form bounded families when we fix the dimension
[KMM92]. Apart from the boundedness, Fano varieties satisfy vari-
ous prominent properties, e.g. they are rationally connected ([Cam92],
[KMM92]) and have no non-trivial torsion line bundles.
The main topic of this article is to study regular del Pezzo surfaces
over imperfect fields. We naturally encounter such surfaces when we
study minimal model program over algebraically closed fields of pos-
itive characteristic. The minimal model conjecture predicts that an
arbitrary algebraic variety is birational to either a minimal model or
a Mori fibre space π : V → B. Although general fibres of π might
have bad singularities in positive characteristic (e.g. they are non-
reduced if π : V → B is a wild conic bundle [MS03]), the generic fibre
X := V ×B SpecK(B) of π allows only terminal singularities. Note
that the base field K(B) of X is no longer a perfect field in general.
Furthermore, if dimX = 2, then X is a regular del Pezzo surface over
K(B).
The purpose of this article is to establish results related to bounded-
ness of regular del Pezzo surfaces. The main results are the following
two theorems.
Theorem 1.1 (Theorem 3.6). Let k be a field of characteristic p > 0.
Let X be a regular projective surface over k such that −KX is ample
and H0(X,OX) = k. Then the complete linear system | − 12KX | is
very ample over k, i.e. it induces a closed immersion to PNk for N :=
dimkH
0(X,OX(−12KX))− 1.
Theorem 1.2 (Corollary 4.8, Theorem 4.9). Let k be a field of char-
acteristic p > 0. Let X be a regular projective surface over k such that
−KX is ample and H
0(X,OX) = k. Then the following hold.
(1) If r := logp[k : k
p] <∞, then K2X ≤ max{9, 2
2r+1}.
(2) If X is geometrically reduced over k, then K2X ≤ 9.
Remark 1.3. Let F be an algebraically closed field of characteristic
p > 0. Let π : V → B be a Mori fibre space between normal varieties
over F. Then V has at worst terminal singularities. Assume that
X := V ×B SpecK(B) is of dimension two. It holds that X is a
regular projective surface over k := K(B) such that −KX is ample
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and H0(X,OX) = k. In this case, it holds that
r = logp[k : k
p] = logp[K(B) : K(B)
p] = dimB.
Hence, r is the dimension of the base of the Mori fibre space.
As a consequence, we obtain the boundedness of geometrically inte-
gral regular del Pezzo surfaces.
Theorem 1.4 (Theorem 5.5). There exists a flat projective morphism
ρ : V → S of quasi-projective Z-schemes which satisfies the following
property: if k is a field and X is a regular projective surface over k such
that −KX is ample, H
0(X,OX) = k, and X is geometrically reduced
over k, then there exists a cartesian diagram of schemes:
X −−−→ Vyα yρ
Spec k −−−→ S,
where α denotes the induced morphism.
Remark 1.5. We fix a field k such that [k : kp] <∞. Then Theorem
1.1 and Theorem 1.2(1) show that if X is a regular projective surface
over k such that −KX is ample and H
0(X,OX) = k, then K
2
X is
bounded and | − 12KX | is very ample. It is tempting to conclude the
boundedness of these surfaces. However, we obtain the boundedness
only for the geometrically reduced case as in Theorem 1.4. In our proof,
we use the following two facts (cf. Proposition 5.3):
(1) Chow varieties are coarse moduli spaces (cf. [Kol96, Ch. I,
Section 3, Section 4]).
(2) The proof of the inequality degX ≥ 1+codimX for nondegen-
erate varieties X ⊂ PN (cf. [EH87, Proposiiton 0]) works for
varieties only over algebraically closed fields.
Theorem 1.4 immediately implies the following corollary.
Corollary 1.6 (Corollary 5.6). There exists a positive integer h which
satisfies the following property: if k is a field of characteristic p > 0
and X is a regular projective surface over k such that −KX is am-
ple, H0(X,OX) = k, and X is geometrically reduced over k, then
dimkH
1(X,OX) ≤ h.
The original motivation of the author was to establish results toward
the Borisov–Alexeev–Borisov (BAB, for short) conjecture for threefolds
over algebraically closed fields of positive characteristic. One of the
steps of the proof of BAB conjecture in characteristic zero is to apply
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induction on dimension by using Mori fibre spaces ([Bir1], [Bir2]). If
we adopt a similar strategy for threefolds in positive characteristic, it
is inevitable to treat three-dimensional del Pezzo fibrations. In charac-
teristic zero, we may apply the induction hypothesis for general fibres,
whilst we probably need to treat generic fibres in positive characteristic
as replacements of general fibres. Thus, the author originally wanted
to prove the boundedness of geometrically integral ǫ-klt log del Pezzo
surfaces. Although Theorem 1.4 is weaker than this goal, the author
hopes that our results and techniques will be useful to establish such
generalisation.
1.1. Description of proofs.
1.1.1. Sketch of Theorem 1.1. Let k be a field of characteristic p > 0.
Let X be a regular projective surface over k such that −KX is ample
and H0(X,OX) = k. Let us overview how to find a constant m > 0
such that | −mKX | is very ample. Combining known results, it is not
difficult to show that | − nKX | is base point free for some constant
n > 0 (cf. the proof of Theorem 3.5). Then the problem is reduced to
show the following theorem of Fujita type.
Theorem 1.7 (Theorem 3.3). Let k be a field of characteristic p > 0.
Let X be a d-dimensional regular projective variety over k. Let A be an
ample invertible sheaf on X and let H be an ample globally generated
invertible sheaf on X. Then ωX ⊗OX H
d+1 ⊗OX A is very ample over
k.
Indeed, by applying this theorem forA := OX(−KX),H := OX(−nKX),
and m := 3n, it holds that | − mKX | is very ample. We now give a
sketch of the proof of Theorem 3.3. Note that Theorem 3.3 is known for
the case when k is an algebraically closed field ([Kee08, Theorem 1.1]).
Thus, if k is a perfect field, then we are done by taking the base change
to the algebraic closure. However, if k is an imperfect field, then the
base change X ×k k might be no longer regular. Hence, the problem is
not directly reduced to the case when k is algebraically closed. On the
other hand, our strategy is very similar to the one of [Kee08] and we
use also the base change X ×k k.
The outline is as follows. It is easy to reduce the problem to the case
when k is an F -finite field, i.e. [k : kp] < ∞. Fix e ∈ Z>0. Then, for
the e-th iterated absolute Frobenius morphism
Φe : Xe → X, Xe := X,
the composite morphism β : Xe → X
α
−→ Spec k is of finite type, where
α : X → Spec k denotes the structure morphism. We consider Xe as
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a k-scheme via β. For the algebraic closure κ := k of k, consider the
base change of Φe by (−)×k κ:
Ψe : Ye → Y, Y := X ×k κ, Ye := Xe ×k κ.
Since the trace map (Φe)∗ωXe → ωX of Frobenius is surjective, also the
trace map (Ψe)∗ωYe → ωY is surjective. Using Mumford’s regularity, we
can show that (Ψe)∗ωYe ⊗H
′d+1⊗A′⊗my is globally generated for any
closed point y of Y and e≫ 0, where H ′ and A′ are the pullbacks of H
and A, respectively. Then ωY ⊗H
′d+1 ⊗A′ ⊗my is globally generated.
Therefore, ωY ⊗H
′d+1 ⊗A′ is very ample, hence so is ωX ⊗H
d+1 ⊗A.
For more details, see Section 3.
1.1.2. Sketch of Theorem 1.2. Both (1) and (2) of Theorem 1.2 are
consequences of the following theorem.
Theorem 1.8 (Corollary 1.8). Let k be a field of characteristic p > 0.
Let X be a regular del Pezzo surface over k such that H0(X,OX) = k.
Then the following hold.
(1) If p ≥ 5, then K2X ≤ 9.
(2) If p = 3, then K2X ≤ max{9, 3
ǫ(X/k)+1}.
(3) If p = 2, then K2X ≤ max{9, 2
ǫ(X/k)+3}.
In particular, if X is geometrically reduced over k, then it is known
that ǫ(X/k) = 0, hence we obtain K2X ≤ 9.
Let us overview some of the ideas of the proof of Theorem 1.8. If X
is geometrically normal, then the assertion follows from a combination
of known results (cf. the proof of Theorem 4.7(1)). Hence, we only
treat the case when X is not geometrically normal. In particular, we
may assume that p ≤ 3 (cf. Theorem 2.4(1)).
For Z := (X×k k)
N
red, let g : Z → X be the induced morphism. Then
there is an effective Z-divisor D on Z which satisfies the following linear
equivalence (cf. Theorem 2.5):
KZ +D ∼ g
∗KX .
A key observation is that there are only finitely many possibilities for
the pair (Z,D) (Theorem 4.6). Indeed, this is enough for our purpose
by the following equation (cf. Lemma 4.5):
K2X = p
ǫ(X/k)(KZ +D)
2.
We now give a sketch of how to restrict the possibilities for Z. It is
known that Z is either a Hirzebruch surface or a weighted projective
plane P(1, 1, m) for some m ∈ Z>0 (Theorem 2.3). For the latter case:
Z = P(1, 1, m), it holds that m ≤ 4 because the Q-Gorenstein index
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is known to be bounded (Theorem 2.7). Let us focus on the the case
when Z ≃ PP1(O ⊕ O(n)) for some n ≥ 0. The goal is to prove
that n ≤ 4. Since ρ(X) ≤ ρ(Z) = 2, we have either ρ(X) = 1 or
ρ(X) = 2. If ρ(X) = 1, then we can show that n = 0 by using Galois
symmetry (Lemma 4.4). Assume that ρ(X) = 2. Then there are two
extremal rays, both of which induce morphisms X → X ′ and X → X ′′.
Taking the base change to the algebraic closure, we obtain morphisms
Z → Z ′ and Z → Z ′′. The essential case is dimX ′ = 2. If X ′ is not
geometrically normal, then we may apply the above argument for X ′,
so that we deduce n ≤ 4. If X ′ is geometrically normal, then Z ′ is
canonical (Theorem 2.3), hence we have n ≤ 2. For more details, see
Section 4.
1.2. Related results. We first review results on del Pezzo surfaces
over algebraically closed fields of characteristic p > 0. It is a classical
result that smooth del Pezzo surfaces are classified, and in particular
bounded. Then, in [Ale94], Alexeev proved that BAB conjecture for
surfaces, i.e. ǫ-klt log del Pezzo surfaces are bounded (cf. [Jia13]). As
for vanishing theorems, smooth del Pezzo surfaces over algebraically
closed fields satisfy Kawamata–Viehweg vanishing [CT18, Proposition
A.1]. However, if p ∈ {2, 3}, then there exist log del Pezzo surfaces
violating Kawamata–Viehweg vanishing ([Ber, Theorem 1.1], [CT18,
Lemma 2.4, Theorem 3.1], [CT, Theorem 4.2]). On the other hand, if
p ≫ 0, it is known that Kawamata–Viehweg vanishing holds for any
log del Pezzo surfaces [CTW17, Theorem 1.2]. It is remarkable that
this result is applied to show that three-dimensional klt singularities of
large characteristic are rational singularities [HW].
We now switch to the situation over imperfect fields. The first re-
markable result is given by Schro¨er. He constructed weak del Pezzo
surfaces X of characteristic two such that H1(X,OX) 6= 0 [Sch07, The-
orem in Introduction]. Then Maddock discovered regular del Pezzo
surfaces X of characteristic two with H1(X,OX) 6= 0 [Mad16, Main
Theorem]. If we allow singularities, it is known that there exists log del
Pezzo surfaces (X,∆) of characteristic three such that H1(X,OX) 6= 0
[Tan1].
There are several results also in positive directions. Patakfalvi and
Waldron proved that Gorenstein del Pezzo surfaces are geometrically
normal when p > 3 [PW, Theorem 1.5]. Fanelli and Schro¨er showed
that a regular del Pezzo surface X is geometrically normal if ρ(X) = 1
and the base field k satisfies [k : kp] ≤ 1 [FS, Theorem 14.1]. Das
proved that regular del Pezzo surfaces of characteristic p ≥ 5 satisfy
Kawamata–Viehweg vanishing [Das, Theorem 4.1]. Bernasconi and the
BOUNDEDNESS OF REGULAR DEL PEZZO SURFACES 7
author proved that log del Pezzo surfaces (X,∆) of characteristic p ≥ 7
are geometrically integral and satisfy H1(X,OX) = 0 [BT, Theorem
1.7].
Acknowledgements: The author would like to thank Fabio Bernasconi
for useful comments. The author was funded by the Grant-in-Aid for
Scientific Research (KAKENHI No. 18K13386).
2. Preliminaries
2.1. Notation. In this subsection, we summarise notation we will use
in this paper.
(1) We will freely use the notation and terminology in [Har77] and
[Kol13].
(2) We say that a scheme X is regular if the local ring OX,x at any
point x ∈ X is regular.
(3) For a scheme X , its reduced structure Xred is the reduced closed
subscheme of X such that the induced morphism Xred → X is
surjective.
(4) For an integral scheme X , we define the function field K(X) of
X as OX,ξ for the generic point ξ of X .
(5) For a field k, we say that X is a variety over k or a k-variety
if X is an integral scheme that is separated and of finite type
over k. We say that X is a curve over k or a k-curve (resp. a
surface over k or a k-surface) if X is a k-variety of dimension
one (resp. two).
(6) For a variety X over a field k, its normalisation is denoted by
XN .
(7) For a field k, we denote k an algebraic closure of k. If k is
of characteristic p > 0, then we set k1/p
∞
:=
⋃∞
e=0 k
1/pe =⋃∞
e=0{x ∈ k | x
pe ∈ k}.
(8) For an Fp-scheme X we denote by FX : X → X the absolute
Frobenius morphism. For a positive integer e we denote by
F eX : X → X the e-th iterated absolute Frobenius morphism.
(9) If k ⊂ k′ is a field extension and X is a k-scheme, we denote
X ×Spec k Spec k
′ by X ×k k
′.
(10) Let k be a field. A del Pezzo surface X over k is a projective
normal surface over k such that −KX is an ample Q-Cartier
divisor.
(11) Let k be a field and let X be a normal variety over k. We
say that X is geometrically canonical if X ×k k is a normal
variety over k which is canonical, i.e. has at worst canonical
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singularities. Note that if X is geometrically canonical, then X
itself is canonical [BT, Proposition 2.3].
(12) An Fp-scheme X is F -finite if the absolute Frobenius morphism
F : X → X is a finite morphism. We say that a field k of
characteristic p > 0 is F -finite if so is Spec k, i.e. [k : kp] <∞.
Note that if k is an F -finite field and X is of finite type over k,
then also X is F -finite.
(13) Let X be a projective scheme over a field k and let F be a coher-
ent sheaf onX . We say that F is globally generated if there exist
a positive integer r and a surjective OX -module homomorphism
O⊕rX → F.
An invertible sheaf L on X is very ample over k if its complete
linear system |L| induces a closed immersion X →֒ PNk .
Definition 2.1 (Definition 6.1 of [Tan2]). Let k be a field of char-
acteristic p > 0 and let X be a proper normal variety over k with
H0(X,OX) = k. Then we define the Frobenius length of geometric
non-normality ℓ(X/k) of X/k by
ℓF (X/k) := min{ℓ ∈ Z≥0 | (X×kk
1/pℓ)Nred is geometrically normal over k
1/pℓ},
where the existence of the right hand side is guaranteed by [Tan2,
Remark 5.2].
Definition 2.2 (Definition 7.4 of [Tan2]). Let k be a field of char-
acteristic p > 0 and let X be a proper normal variety over k with
H0(X,OX) = k. Set R to be the local ring of X×k k
1/p∞ at the generic
point. We define the thickening exponent ǫ(X/k) of X/k by
ǫ(X/k) := logp(lengthRR).
It follows from [Tan2, Theorem 7.3(1)] that ǫ(X/k) is a non-negetive
integer.
2.2. Summary of known results.
Theorem 2.3. Let k be a field of characteristic p > 0. Let X be
a canonical del Pezzo surface over k such that H0(X,OX) = k. Set
Z := (X ×k k)
N
red Then one of the following properties.
(1) X is geometrically canonical over k. In particular, Z = X ×k k
and Z is a canonical del Pezzo surface over k.
(2) X is not geometrically normal over k and Z ≃ PP1(O⊕O(m))
for some m ∈ Z≥0.
(3) X is not geometrically normal over k and Z is isomorphic to a
weighted projective surface P(1, 1, m) for some positive integer
m.
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Proof. See [BT, Theorem 3.3]. 
Theorem 2.4. Let k be a field of characteristic p > 0. Let X be a
canonical del Pezzo surface over k such that H0(X,OX) = k. Then the
following hold.
(1) If p ≥ 5, then X is geometrically canonical over k.
(2) If p = 3, then ℓF (X/k) ≤ 1.
(3) If p = 2, then ℓF (X/k) ≤ 2.
Proof. See [BT, Theorem 3.7]. 
Theorem 2.5. Let k be a field of characteristic p > 0. Let X be
a proper normal variety over k such that H0(X,OX) = k. Assume
that X is not geometrically normal over k. Then there exist nonzero
effective Z-divisors C1, ..., Cℓ(X/k) such that
KZ + (p− 1)
ℓ(X/k)∑
i=1
Ci ∼ f
∗KX
where f : Z → X denotes the induced morphism.
Proof. See [Tan2, Proposition 5.11(2)]. 
Theorem 2.6. Let k be a field of characteristic p > 0. Let X be a
canonical del Pezzo surface over k such that H0(X,OX) = k. Then the
following hold.
(1) If p = 3, then it holds that
(X ×k k
1/3)Nred ×k1/3 k ≃ (X ×k k)
N
red.
(2) If p = 2, then it holds that
(X ×k k
1/4)Nred ×k1/4 k ≃ (X ×k k)
N
red.
Proof. The assertion follows from Theorem 2.4 and [Tan2, Remark 5.2].

Theorem 2.7. Let k be a field of characteristic p > 0. Let X be
a regular del Pezzo surface over k such that H0(X,OX) = k. Set
Z := (X ×k k)
N
red. Then the following hold.
(1) If p = 3, 3KZ is Cartier.
(2) If p = 2, then 4KZ is Cartier.
Proof. The assertion follows from Theorem 2.4 and [Tan2, Theorem
5.12]. 
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3. Very ampleness
The purpose of this section is to prove that if X is a regular del
Pezzo surface, then ω−12X is very ample (Theorem 3.6). To this end, we
first establish a general criterion (Theorem 3.3) for very ampleness in
Subsection 3.1. In Subsection 3.2, we apply this criterion to regular del
Pezzo surfaces.
3.1. A criterion for very ampleness. In this subsection, we give a
criterion for very ampleness (Theorem 3.3). The strategy is a modifi-
cation of Keeler’s proof for base point freeness over algebraically closed
fields [Kee08], which is in turn based on Smith’s argument [Smi97]. We
first recall the definition (Definition 3.1) and a property (Lemma 3.2)
of Castelnuovo–Mumford regularity.
Definition 3.1. Let κ be an algebraically closed field. Let Z be a pro-
jective scheme over κ. Let H be an ample globally generated invertible
sheaf on Z. A coherent sheaf F on Z is 0-regular with respect to H if
H i(Z, F ⊗OZ H
−i) = 0
for any i > 0.
Lemma 3.2. Let κ be an algebraically closed field. Let Z be a projective
scheme over κ and let z be a closed point on Z. Let F be a coherent
sheaf on Z and let H be an ample globally generated invertible sheaf on
Z. Assume that F is 0-regular with respect to H. Then F ⊗H ⊗mz is
globally generated.
Proof. Wemay apply the same argument as in [Wit17, Lemma 3.7]. 
Theorem 3.3. Fix a non-negative integer d. Let k be a field of char-
acteristic p > 0. Let X be a d-dimensional regular projective variety
over k. Let A be an ample invertible sheaf on X and let H be an ample
globally generated invertible sheaf on X. Then ωX ⊗OX H
d+1 ⊗OX A is
very ample over k.
Proof. We first reduce the problem to the case when k is an F -finite field
(cf. Subsection 2.1(12)). There exists a subfield k0 ⊂ k, a projective
scheme X0 over k0, and invertible sheaves A0 andH0 such thatX0⊗k0k,
f ∗A0 = A, and f
∗H0 = H . Then we can check that (k0, X0, A0, H0)
satisfies the assumptions in the statement. Replacing (k,X,A,H) by
(k0, X0, A0, H0), the problem is reduced to the case when k is F -finite.
In particular, also X is F -finite (cf. Subsection 2.1(12)).
Fix e ∈ Z>0 and we denote the e-th iterated absolute Frobenius
morphism F e : X → X by Φe : Xe → X . Note that we consider Φe as
a k-morphism, hence we distinguish X and Xe as k-schemes, although
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the equation Xe = X holds as schemes. Let Ae := A and He := H
be the invertible sheaves on Xe. Note that we have Φ
∗
eA = A
pe
e and
Φ∗eH = H
pe
e .
For κ := k, we take the base changes
Ye
αe−−−→ XeyΨe yΦe
Y
α
−−−→ Xy y
Specκ −−−→ Spec k,
hence both the above squares are cartesian. We set A′ := α∗A,H ′ :=
α∗H , A′e := α
∗
eAe, and H
′
e := α
∗
eHe. Since Φ
∗
eA = A
pe
e and Φ
∗
eH = H
pe
e ,
we have Ψ∗eA
′ = A′p
e
e and Ψ
∗
eH
′ = H ′p
e
e .
Claim 3.4. There exists a positive integer e such that the coherent
sheaf (Ψe)∗(ωYe⊗H
′ped
e ⊗A
′pe
e ) on Y is 0-regular with respect to H
′, i.e.
the equation
H i(Y, (Ψe)∗(ωYe ⊗H
′ped
e ⊗A
′pe
e )⊗H
′−i) = 0
holds for any i > 0.
Proof. (of Claim 3.4) We have
H i(Y, (Ψe)∗(ωYe ⊗H
′ped
e ⊗ A
′pe
e )⊗H
′−i)
≃ H i(Y, (Ψe)∗(ωYe ⊗H
′pe(d−i)
e ⊗ A
′pe
e ))
≃ H i(Ye, ωYe ⊗H
′pe(d−i)
e ⊗A
′pe
e ),
where the first isomorphism follows from the projection formula and
the second isomorphism holds because Ψe is an affine morphism. By
flat base change theorem, it holds that
H i(Ye, ωYe ⊗H
′pe(d−i)
e ⊗ A
′pe
e ) ≃ H
i(Xe, ωXe ⊗H
pe(d−i)
e ⊗ A
pe
e )⊗k κ.
Recall that X and Xe are isomorphic as schemes. Therefore, we have
an isomorphism as abelian groups:
H i(Xe, ωXe ⊗H
pe(d−i)
e ⊗A
pe
e ) ≃ H
i(X,ωX ⊗ (H
d−i ⊗A)p
e
).
It is enough to treat the case when i ≤ dimX = d. Hence, Hd−i ⊗ A
is ample. Then, by the Serre vanishing theorem, the right hand side is
equal to zero for e≫ 0. This completes the proof of Claim 3.4. 
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Fix a closed point y on Y . Take a positive integer e as in Claim 3.4.
Then (Ψe)∗(ωYe ⊗H
′ped
e ⊗A
′pe
e ) is 0-regular with respect to H
′. Lemma
3.2 implies that the coherent sheaf
(Ψe)∗(ωYe)⊗H
′d+1 ⊗ A′ ⊗my = (Ψe)∗(ωYe ⊗H
′ped
e ⊗ A
′pe
e )⊗H
′ ⊗my
is globally generated.
Since OX,x → ((Φe)∗OXe)x splits for any point x on X [Mat80, The-
orem 107 in Section 42], we obtain a surjective OX-module homo-
morphism (Φe)∗(ωXe) → ωX by applying HomOX (−, ωX) to OX →
(Φe)∗OXe . Taking the base change (−) ×k κ, there exists a surjective
OY -module homomorphism (Ψe)∗(ωYe) → ωY , which induces another
surjective OY -module homomorphism
(Ψe)∗(ωYe)⊗H
′d+1 ⊗ A′ ⊗my → ωY ⊗H
′d+1 ⊗ A′ ⊗my.
Since (Ψe)∗(ωYe) ⊗ H
′d+1 ⊗ A′ ⊗ my is globally generated, also ωY ⊗
H ′d+1⊗A′⊗my is globally generated. This implies that ωY ⊗H
′d+1⊗A′
is very ample over κ. Since very ampleness descends by base changes,
ωX ⊗H
d+1 ⊗A is very ample over k. 
3.2. Very ampleness for regular del Pezzo surfaces. In this sub-
section, we prove the main result (Theorem 3.6) of this section. We
first focus on the case when X is not geometrically normal.
Theorem 3.5. Let k be a field of characteristic p > 0. Let X be a
regular del Pezzo surface over k such that H0(X,OX) = k. Let A be
an ample invertible sheaf and let N be a nef invertible sheaf. Assume
that X is not geometrically normal over k. Then the following hold.
(1) If p = 2, then A4 is globally generated.
(2) If p = 3, then A3 is globally generated.
(3) If p = 2, then ω−12X ⊗N is very ample over k.
(4) If p = 3, then ω−9X ⊗N is very ample over k.
Proof. If p = 2, then we set e := 2 and q := pe = 4. If p = 3, then we
set e := 1 and q := pe = 3.
Let us prove that Aq is globally generated. Set Ak to be the pullback
of A to X×kk. Since e ≥ ℓF (X/k), the e-th iterated absolute Frobenius
factors (Theorem 2.6):
F e
X×kk
: X ×k k
ψ
−→ Z = (X ×k k)
N
red
ϕ
−→ X ×k k.
Thus, ϕ∗(Ak) is an ample invertible sheaf on a projective toric surface
Z (Theorem 2.3). Then ϕ∗(Ak) is globally generated, hence so is its
pullback:
ψ∗ϕ∗(Ak) = (F
e
X×kk
)∗(Ak) = A
q
k
.
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Hence, also Aq
k
is globally generated. Thus, (1) and (2) hold.
Let us prove (3) and (4). By (1) and (2), ω−qX is globally generated.
Then it follow from Theorem 3.3 that the invertible sheaf
ω−3qX ⊗N = ωX ⊗ (ω
−q
X )
dimX+1 ⊗ (ω−1X ⊗N)
is very ample over k. Thus (3) and (4) hold. 
Theorem 3.6. Let k be a field of characteristic p > 0. Let X be a
regular del Pezzo surface over k such that H0(X,OX) = k. Then ω
−m
X
is very ample over k for any integer m such that m ≥ 12.
Proof. If X is not geometrically normal over k, then the assertion fol-
lows from Theorem 3.5. Assume that X is geometrically normal over
k. Then X is geometrically canonical over k (Theorem 2.3). In this
case, the assertion holds by [BT, Proposition 2.14]. 
4. Boundedness of volumes
The purpose of this section is to show Theorem 4.9, which gives the
inequality
K2X ≤ max{9, 2
2r+1}
for a regular del Pezzo surface X over a field k of characteristic p > 0
such that H0(X,OX) = k and r := logp[k : k
p]. If X is geometrically
normal, then the problem has been settled already (cf. the proof of
Theorem 4.7(1)). Most part of this subsection is devoted to analysis of
the geometrically non-normal case. In Subsection 4.1, we first restrict
possibilities for (Z,D), where Z := (X ×k k)
N
red and D is an effective
divisor D on Z such that the linear equivalence
KZ +D ∼ g
∗KX
holds for the induced morphism g : Z → X . In Subsection 4.2, we
prove that there are only finitely many possibilities for K2X after we fix
ǫ(X/k) (Theorem 4.6). We then obtain our main result (Theorem 4.9)
by combining with fundamental properties on ǫ(X/k).
4.1. Restriction on possibilities. The purpose of this subsection is
to prove the following proposition.
Proposition 4.1. Let k be a field of characteristic p > 0. Let X be
a canonical del Pezzo surface over k such that H0(X,OX) = k. Set
Z := (X ×k k)
N
red and let g : Z → X be the induced morphism. If D is
a nonzero effective divisor D on Z satisfying
(4.1.1) KZ +D ∼ g
∗KX ,
then one of the following.
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(1) Z ≃ P2. In this case, it holds that
(a) OZ(D) ≃ O(1), or
(b) OZ(D) ≃ O(2)
(2) Z ≃ P1 × P1. In this case, it holds that
(a) OZ(D) ≃ O(1, 1),
(b) OZ(D) ≃ O(1, 0), or
(c) OZ(D) ≃ O(0, 1).
(3) Z ≃ P(1, 1, m) for some m ≥ 2. In this case, D ∼ 2F , where
F is a prime divisor such that F 2 = 1/m.
(4) Z ≃ P(O⊕O(m)) for some m ≥ 1. In this case, if π : Z → P1
is the P1-bundle structure, F is a fibre of π, and C is a curve
with C2 = −m, then
(a) D ∼ C, or
(b) D ∼ C + F .
Proof. Note that −(KZ+D) is ample. Hence, if Z ≃ P
2 or Z ≃ P1×P1,
then (1) or (2) holds. We assume that Z is isomorphic to neither P2
nor P1 × P1. Then it follows from Theorem 2.3 that there is m ≥ 1
such that either
(i) Z ≃ PP1(O ⊕O(m)), or
(ii) Z ≃ P(1, 1, m) and m ≥ 2.
Then, for the minimal resolution µ : W → Z, it holds that W ≃
PP1(O ⊕O(m)). We have the induced morphisms:
h : W
µ
−→ Z
g
−→ X
Let π : W → P1 be the P1-bundle structure. Let FW be a fibre of π
and let C be the curve on W such that C2 = −m. For DW := µ
−1
∗ D,
we obtain
(4.1.2) KW +DW + cC ∼ µ
∗(KZ +D) ∼ h
∗KX
for some c ∈ Z≥0. We have
−KW ∼ 2C + (m+ 2)FW
and DW ∼ aC + bFW for some a, b ∈ Z≥0 with (a, b) 6= (0, 0). Thus it
holds that
(4.1.3) −h∗KX ∼ −KW −DW − cC ∼ (2−a− c)C +(m+2− b)FW .
We first show that a + c = 1. Since −h∗KX is big, we obtain
(−h∗KX) · FW > 0, hence it holds that 2 − a − c ≥ 1. Then we
have 1 ≤ 2 − a − c ≤ 2. Thus, it is enough to prove that a + c 6= 0.
Assuming a = c = 0, let us derive a contradiction. We have
−h∗KX · C = (2C + (m+ 2− b)FW ) · C = −m+ 2− b
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If (i) holds, then −h∗KX is ample, hence we obtain 0 < −h
∗KX · C =
−m+ 2 − b ≤ 1 − b, which in turn implies b = 0. If (ii) holds, then it
holds that 0 ≤ −h∗KX · C = −m + 2 − b ≤ −b. In any case, we have
b = 0, which contradicts (a, b) 6= (0, 0). Therefore, we obtain a+ c = 1.
In particular, (4.1.3) implies that
(4.1.4) − h∗KX ∼ C + (m+ 2− b)FW .
We treat the following two cases separately:
(a, c) = (0, 1) or (a, c) = (1, 0).
Let us handle the case when (a, c) = (0, 1). By c 6= 0, µ is not
an isomorphism, hence we obtain Z ≃ P(1, 1, m). Since h∗KX · C =
µ∗(KZ+D) ·C = 0, (4.1.4) implies b = 2. Thus, we conclude (a, b, c) =
(0, 2, 1). This implies that (3) holds.
Then we may assume that (a, c) = (1, 0). Assume (i). Then −h∗KX
is ample. By (4.1.4), we have
0 < −h∗KX ·C = (C+(m+2− b)FW ) ·C = −m+(m+2− b) = 2− b.
Therefore, we obtain b ∈ {0, 1}. Thus, (4) holds. Assume (ii). Since
c = 0 and c is defined by (4.1.2), we have m = 2. Again by (4.1.2), we
obtain
0 = h∗KX ·C = (KW+DW+cC)·C = DW ·C = (aC+bFW )·C = −2+b.
Thus, it holds that (a, b, c) = (1, 2, 0). Thus, (3) holds. 
Remark 4.2. We use notation as in Proposition 4.1. Note that (g∗KX)
2 =
(h∗KX)
2. By direct computation using (4.1.4), the following hold.
(1) If Z ≃ P2, then (g∗KX)
2 ∈ {1, 4}.
(2) If Z ≃ P1 × P1, then (g∗KX)
2 ∈ {2, 4}.
(3) If Z ≃ P(1, 1, m) for some m ≥ 2, then (g∗KX)
2 = m.
(4) If Z ≃ PP1(O ⊕O(m)) for some m ≥ 1, then (g
∗KX)
2 ∈ {m +
2, m+ 4}.
Remark 4.3. We use notation as in Proposition 4.1. If p = 3, then
we can find a nonzero effective divisor D′ such that KZ +2D
′ ∼ g∗KX .
In this case, (2) and (4) in Proposition 4.1 does not occur.
4.2. Classification of base changes. In this subsection 4.9, we prove
the main result of this section (Theorem 4.9), which asserts the inequal-
ity
K2X ≤ max{9, 2
2r+1}
for a regular del Pezzo surface X over a field k of characteristic p > 0
such that H0(X,OX) = k and r := logp[k : k
p]. This result is a
consequence of the boundedness of K2X in terms of ǫ(X/k) (Theorem
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4.6). To this end, we prove a kind of classification after the base change
to the algebraic closure (Theorem 4.6). We first establish auxiliary
results: Lemma 4.4 and Lemma 4.5.
Lemma 4.4. Let X be a regular del Pezzo surface over k such that
H0(X,OX) = k. Set Z := (X ×k k)
N
red. Assume that ρ(X) = 1 and
X is not geometrically normal. Then it holds that Z ≃ P1 × P1 or
Z ≃ P(1, 1, m) for some m ≥ 1.
Proof. Assume that Z is not isomorphic to P(1, 1, m), then it follows
from Theorem 2.3 that Z ≃ PP1(O ⊕O(m)) for some m ≥ 0. Suppose
m > 0 and let us derive a contradiction. Set κ := k1/p
∞
and Y :=
(X ×k κ)
N
red. Then we have Y ×κ k ≃ Z. Hence, Y is smooth over κ.
We have ρ(Y ) = 1 [Tan18b, Proposition 2.4(3)].
Let π : Z → B be the P1-bundle structure. There is a finite Ga-
lois extension κ′/κ such that π descends to κ′, i.e. there exists a κ′-
morphism π′ : Z ′ → B′ of smooth κ′-varieties whose base change by
(−) ×κ′ k is π : Z → B. Let F
′ be a fibre of π′ over a closed point.
For the Galois group G of κ′/κ and any element σ ∈ G, we have that
σ∗(F ′)2 = F ′2 = 0. If σ∗(F ′) is not a fibre of π′, then σ∗(F ) induces
another fibration which deduces that Z ≃ P1 × P1. Hence σ∗(F ) is a
fibre of π′. Then F˜ :=
∑
σ∈G σ
∗(F ) satisfies F˜ 2 = 0. As F˜ descends to
Y , there exists an effective divisor D on Y such that D2 = 0. However,
this contradicts ρ(Y ) = 1. 
Lemma 4.5. Let X be a regular del Pezzo surface over k such that
H0(X,OX) = k. Set Z := (X×kk)
N
red and let g : Z = ((X×kk)
N
red → X
be the induced morphism. Then it holds that pǫ(X/k)(g∗KX)
2 = K2X .
Proof. The assertion follows from Definition 2.2 and [Kle66, Example
1 in page 299]. 
Theorem 4.6. Let X be a regular del Pezzo surface over k such that
H0(X,OX) = k. Set Z := (X×kk)
N
red and let g : Z → X be the induced
morphism. Assume that X is not geometrically normal over k. Then
there exists a nonzero effective Z-divisor E on Z such that
(4.6.1) KZ + (p− 1)E ∼ g
∗KX .
Furthermore, if E is a nonzero effective divisor E on Z satisfying
(4.6.1), then the following hold.
(1) It holds that p = 2 or p = 3.
(2) If p = 3, then the quadruple (Z,E, (g∗KX)
2, K2X) satisfies one
of the possibilities in the following table.
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Table 1. p = 3 case
Z E (g∗KX)
2 K2X
P2 O(1) 1 3ǫ(X/k)
P(1, 1, 3) F 3 3ǫ(X/k)+1
(3) If p = 2, then the quadruple (Z,D, (g∗KX)
2, K2X) satisfies one
of the possibilities in the following table.
Table 2. p = 2 case
Z E (g∗KX)
2 K2X
P2 O(1) 4 2ǫ(X/k)+2
O(2) 1 2ǫ(X/k)
P(1, 1, 2) 2F 2 2ǫ(X/k)+1
P(1, 1, 4) 2F 4 2ǫ(X/k)+2
P1 × P1 O(1, 0) 4 2ǫ(X/k)+2
O(1, 1) 2 2ǫ(X/k)+1
PP1(O ⊕O(1)) C 5 5 · 2
ǫ(X/k)
C + F 3 2ǫ(X/k)+2
PP1(O ⊕O(2)) C 6 3 · 2
ǫ(X/k)+1
C + F 4 2ǫ(X/k)+2
PP1(O ⊕O(4)) C 8 2
ǫ(X/k)+3
C + F 6 3 · 2ǫ(X/k)+1
Here, if we write an invertible sheaf in the list, then it means that
OZ(E) is isomorphic to it. If we write a divisor, then it means that
E is linearly equivalent to it. On P(1, 1, m) with m ≥ 2, F denotes a
prime divisor such that F 2 = 1/m. On PP1(O⊕O(m)) with m ≥ 1, C
is the curve such that C2 = −m and F denotes a fibre of the P1-bundle
structure PP1(O ⊕O(m))→ P
1.
Proof. The existence of E follows from Theorem 2.5. The assertion (1)
holds by [PW, Theorem 1.5]. We omit the proof of (2), as it is similar
and easier than the one of (3).
Let us show (3). Pick a nonzero effective divisor E on Z satisfying
(4.6.1). If (Z,E) is one of the possibilities in the table, then (g∗KX)
2
and K2X automatically determined. Thus, it is enough to show that the
pair (Z,E) satisfies one of the possibilities.
We first treat the following two cases:
(i) Z ≃ P1 × P1.
(ii) Z ≃ P(1, 1, m) for some m ≥ 1.
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If (i) holds, then Remark 4.2(2) implies the assertion. Assume that (ii)
holds. If m = 1, then the assertions follow from Remark 4.2(1) Let us
handle the case when m ≥ 2. It follows from Theorem 2.7 that m is a
divisor of 4. By Remark 4.2(3), the assertion holds. In particular, by
Lemma 4.4, we are done for the case when ρ(X) = 1.
We now treat the case when ρ(X) 6= 1. We have ρ(X) ≤ ρ(Z) ≤ 2,
where the latter inequality follows from Proposition 4.1. Hence we
have ρ(X) = ρ(Z) = 2. Since the case (i) has been settled already,
Proposition 4.1 enables us to assume that the case (4) of Proposition 4.1
occurs, i.e. Z ≃ PP1(O⊕O(m)) for some m ≥ 1. By [Tan18a, Theorem
4.4], there are two extremal contractions ϕ : X → X ′ and X → X ′′.
Both of them induce morphisms Z → Z ′ and Z → Z ′′ with dimX ′ =
dimZ ′ and dimX ′′ = dimZ ′′. Hence we may assume that dimX ′ = 2,
i.e. ϕ : X → X ′ is a birational morphism that contracts a single curve.
Then X ′ is a regular del Pezzo surface with ρ(X ′) = 1.
Assume that X ′ is not geometrically normal. Then Z ′ ≃ P1 × P1
or Z ′ ≃ P(1, 1, m) for some m ∈ {1, 2, 4} (Lemma 4.4). Hence, we
may assume that X ′ is geometrically normal. Then X ′ is geometrically
canonical (Theorem 2.3). Therefore, Z ′ has at worst canonical singu-
larities. In particular, we obtain m ≤ 2. Hence, Remark 4.2(4) implies
the assertion. 
Theorem 4.7. Let k be a field of characteristic p > 0. Let X be a
regular del Pezzo surface over k such that H0(X,OX) = k. Then the
following hold.
(1) If X is geometrically normal, then K2X ≤ 9.
(2) Assume that X is not geometrically normal. Then p ∈ {2, 3}
and the following hold.
(a) If p = 3, then K2X ≤ 3
ǫ(X/k)+1.
(b) If p = 2, then K2X ≤ 2
ǫ(X/k)+3.
In particular, if X is geometrically reduced, then it holds that K2X ≤ 9.
Proof. Let us show (1). If X is geometrically normal, then X is ge-
ometrically canonical (Theorem 2.3). Hence, we have K2X ≤ 9 (cf.
[BT, Lemma 5.1]). Thus (1) holds.
Let us show (2). Assume that X is not geometrically normal. Then
[PW] implies that p ∈ {2, 3}. The assertions (a) and (b) follow directly
from Theorem 4.6. Note that the last assertion holds by the fact that
ǫ(X/k) = 0 if X is geometrically reduced over k (Definition 2.2). 
Corollary 4.8. Let k be a field of characteristic p > 0. Let X be a
regular del Pezzo surface over k such that H0(X,OX) = k. Then the
following hold.
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(1) If p ≥ 5, then K2X ≤ 9.
(2) If p = 3, then K2X ≤ max{9, 3
ǫ(X/k)+1}.
(3) If p = 2, then K2X ≤ max{9, 2
ǫ(X/k)+3}.
Proof. The assertion follows from Theorem 4.7. 
Theorem 4.9. Let k be a field of characteristic p > 0 such that
[k : kp] < ∞. Let X be a regular del Pezzo surface over k such that
H0(X,OX) = k. Then the following hold.
(1) If p ≥ 5, then K2X ≤ 9.
(2) If p = 3, then K2X ≤ max{9, [k : k
3]}.
(3) If p = 2, then K2X ≤ max{9, 2 · ([k : k
2])2}.
In particular, if r := logp[k : k
p], then it holds that
K2X ≤ max{9, 2
2r+1}.
Proof. If X is geometrically normal, then K2X ≤ 9 (Theorem 4.7).
Hence we may assume that X is not geometrically normal. In this
case, we have p ∈ {2, 3} (Theorem 4.7). Hence, (1) holds.
Since X is not geometrically normal, we have [k : kp] 6= 1. Hence, it
follows from [Tan2, Remark 1.7] that
ǫ(X/k) ≤ ℓF (X/k)(logp[k : k
p]− 1).
In particular, we have that
pǫ(X/k) ≤ pℓF (X/k)(logp[k:k
p]−1) = (p−1 · [k : kp])ℓF (X/k).
Let us show (2). We have ℓF (X/k) ≤ 1 (Theorem 2.4) and K
2
X ≤
3ǫ(X/k)+1 (Theorem 4.7). Therefore, we obtain
K2X ≤ 3
ǫ(X/k)+1 ≤ 3 · (3−1 · [k : k3])ℓF (X/k) ≤ [k : k3].
Thus (2) holds.
Let us show (3). We have ℓF (X/k) ≤ 2 (Theorem 2.4) and K
2
X ≤
2ǫ(X/k)+3 (Theorem 4.7). Therefore, we obtain
K2X ≤ 2
ǫ(X/k)+3 ≤ 23 · (2−1 · [k : k2])ℓF (X/k) ≤ 2 · ([k : k2])2.
Thus (3) holds. 
5. Boundedness of regular del Pezzo surfaces
In this section, we prove the boundedness of geometrically integral
regular del Pezzo surfaces (Theorem 5.5). The proof will be given in
Subsection 5.2. In Subsection 5.1, we recall results on Chow varieties.
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5.1. Chow varieties. The purpose of this subsection is to give a proof
of Proposition 5.3. The result itself is well known to experts, however
we give a proof for the sake of completeness. Since we shall use Chow
varieties, we now recall its construction and results for later use [Kol96,
Ch. I, Section 3, Section 4].
Definition 5.1. Let Chowr,d(P
N/Z) be the contravariant functor from
the category of semi-normal schemes to the category of sets such that
if T is a semi-normal scheme, then Chowr,d(P
N/Z)(T ) is the set of
well-defined algebraic families of nonnegative cycles of PNT which sat-
isfy the Chow-field condition [Kol96, Ch. I, Definition 4.11]. Then
Chowr,d(P
N/Z) is coarse represented by a semi-normal scheme Chowr,d(P
N/Z)
projective over Z.
Remark 5.2. Since we only need the case when T is a normal noe-
therian scheme (except for Chowr,d(P
N/Z)), let us recall terminologies
for this case.
(1) In this case, any well-defined family U → T of algebraic cycles of
PN/Z satisfies the Chow-field condition [Kol96, Ch. I, Corollary
4.10].
(2) Furthermore, if U =
∑
imiUi is a pure r-dimensional algebraic
cycle such that each Ui is flat over T , then U → T is a well-
defined algebraic families of nonnegative cycles of PNT [Kol96,
Ch. I, Definition 3.10, Definition 3.11, Theorem 3.17].
(3) By construction, Chowr,d(P
N/Z) is the semi normalisation of
Chow′r,d(P
N/Z) [Kol96, Ch. I, Definition 3.25.3], where Chow′r,d(P
N/Z)
is a reduced closed subscheme of the fine moduli space that pa-
rameterises suitable effective divisors, i.e. the projective space
corresponding to a linear system. Then, by [Kol96, Ch. I,
Corollary 3.24.5], the locus Chowintr,d(P
N/Z) parameterising ge-
ometrically integral cycles is an open subset of Chowr,d(P
N/Z).
Proposition 5.3. Fix positive integers d and r. Then there exists
a flat projective morphism π : V → S of quasi-projective Z-schemes
which satisfies the following property: if
(1) k is a field,
(2) X is an r-dimensional geometrically integral projective scheme
over k, and
(3) there is a closed immersion j : X →֒ PMk over k for some
M ∈ Z>0 such that (j
∗O(1))r ≤ d,
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then there exists a cartesian diagram of schemes:
X −−−→ Vy yπ
Spec k −−−→ S,
where the vertical arrows are the induced morphisms.
Proof. We first prove that we may replace the conditions (1)–(3) by
the following conditions (1)’–(3)’:
(1)’ k is an algebraically closed field,
(2)’ X is an r-dimensional projective variety over k, and
(3)’ there is a closed immersion j : X →֒ Pd+r−1k over k such that
(j∗O(1))r = d.
Take a triple (k,X, j : X →֒ PMk ) satisfying (1)–(3). Note that the
claim is equivalent to saying that there are finitely many possibilities
for the Hilbert polynomial χ(X, j∗O(t)) ∈ Z[t]. Therefore, passing to
the algebraic closure of k, we may assume that (1)’ holds. Then (2)
and (2)’ are equivalent. Finally, it follows from [EH87, Proposition 0]
or [Har77, Ch. I, Exercise 7.7] that either X is a projective space or a
closed immersion j : X →֒ Pd+r−1k . We may exclude the former case,
thus the problem is reduced to the case when (3)’ holds.
Set N := d+ r − 1 and
H1 :=
∐
ϕ∈Φr,d
Hilbϕ
PN/Z
⊂ HilbPN/Z,
where Φr,d is the set of polynomials such that ϕ ∈ Φr,d if and only if
there exists an algebraically closed field k and a closed immersion j :
X →֒ PNk from an r-dimensional projective variety X over k such that
(j∗O(1))r = d. Although we do not know yet whether Φr,d is a finite
set, each Hilbϕ
PN/Z
is a projective Z-scheme. For the universal closed
subscheme UnivPN/Z ⊂ HilbPN/Z×ZP
N
Z , set U1 := UnivPN/Z×HilbPN/ZH1.
In particular, the induced morphism ρ1 : U1 → H1 is flat and projective.
We then define H2 as the open subset of H1 such that, for any point
q ∈ H1, it holds that q ∈ H2 if and only if the scheme-theoretic fibre
ρ−11 (q) is geometrically integral. Let ρ2 : U2 = U1 ×H1 H2 → H2 be the
induced flat projective morphism. Let H3 → H2 be the normalisation
of the reduced structure (H2)red, which is a finite morphism. Since
H3 is normal and Chowr,d(P
N/Z) is a coarse moduli space, the family
U3 = U2 ×H2 H3 → H3 induces a morphism θ : H3 → Chow
int
r,d(P
N/Z).
For any algebraically closed field k, the induced map θ(k) : H3(k) →
Chowintr,d(P
N/Z)(k) is surjective and any fibre of θ(k) is a finite set.
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Then, by noetherian induction, H3 is of finite type over Z, i.e. Φr,d is
a finite set. Set π : V → S to be U3 → H3. Then the claim holds. 
5.2. Boundedness of regular del Pezzo surfaces. In this subsec-
tion, we establish the boundedness of geometrically integral regular del
Pezzo surfaces (Theorem 5.5). As a consequence, we give a non-explicit
upper bound for the irregularity h1(X,OX) (Corollary 5.6).
Theorem 5.4. Fix a non-negative integer ǫ. Then there exists a pos-
itive integer d := d(ǫ) which satisfies the following property: if k is
a field of characteristic p > 0 and X is a regular del Pezzo surface
such that H0(X,OX) = k and ǫ(X/k) ≤ ǫ, then there exist a positive
integer N and a closed immersion j : X →֒ PNk such that the degree
(j∗OPN (1))
2 of j(X) is at most d.
Proof. By Theorem 3.6, | − 12KX | is very ample over k. Then the
assertion follows from Corollary 4.8. 
Theorem 5.5. There exists a flat projective morphism ρ : V → S of
quasi-projective Z-schemes which satisfies the following property: if k
is a field of characteristic p > 0 and X is a regular del Pezzo surface
over k such that H0(X,OX) = k and X is geometrically reduced over
k, then there exists a cartesian diagram of schemes:
X −−−→ Vyα yρ
Spec k −−−→ S,
where α denotes the induced morphism.
Proof. The assertion follows from Proposition 5.3 and Theorem 5.4. 
Corollary 5.6. There exists a positive integer h which satisfies the
following property: if k is a field of characteristic p > 0 and X is a
regular del Pezzo surface over k such that H0(X,OX) = k and X is
geometrically reduced over k, then dimkH
1(X,OX) ≤ h.
Proof. The assertion follows from Theorem 5.5. 
6. Examples
In Theorem 4.6, we gave a list of the possibilities for the volumes
K2X of regular del Pezzo surfaces X , although it depends on ǫ(X/k).
Then it is natural to ask whether there actually exists a geometrically
non-normal example which realises each possibility. The purpose of
this section is to give a partial answer by exhibiting several examples.
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We give their construction in Subsection 6.1. We then give a summary
in Subsection 6.2.
6.1. Construction. The purpose of this subsection is to construct sev-
eral regular del Pezzo surfaces which are not geometrically normal.
Example 6.1. Let F be an algebraically closed field of characteris-
tic p > 0 and let k := F(s0, s1, s2, s3) be the purely transcendental
extension over F of degree four. Set
X := Proj k[x0, x1, x2, x3]/(s0x
p
0 + s1x
p
1 + s2x
p
2 + s3x
p
3).
Then X is a regular projective surface over k such thatH0(X,OX) = k,
(X ×k k)red ≃ P
2, and ǫ(X/k) = 1 [Tan2, Lemma 9.4, Theorem 9.7].
Note that −KX is ample if and only if p ∈ {2, 3}. Furthermore, the
following hold.
(1) If p = 2, then K2X = 8.
(2) If p = 3, then K2X = 3.
Example 6.2. Let F be an algebraically closed field of characteristic
two. Let
k := F({si | 0 ≤ i ≤ 4} ∪ {ti | 0 ≤ i ≤ 4})
be the purely transcendental extension over F of degree ten. Set
X := Proj
(
k[x0, x1, x2, x3, x4](∑4
i=0 six
2
i ,
∑4
i=0 tix
2
i
)) .
Then X is a regular projective surface over k such thatH0(X,OX) = k,
(X ×k k)red ≃ P
2, and ǫ(X/k) = 2 [Tan2, Lemma 9.4, Theorem 9.7].
Furthermore, we have K2X = 4.
Example 6.3. Let F be an algebraically closed field of characteristic
two. Let k := F(s0, s1, s2, s3, s4) be the purely transcendental extension
over F of degree five. Set
X := Proj
(
k[x0, x1, x2, x3, x4](∑4
i=0 six
2
i , x0x1 + x2x3
)) .
Then it holds that (X ×k k)red ≃ P
1 × P1 and K2X = 4. Since X is not
geometrically reduced, we have that ǫ(X/k) ≥ 1 [Tan2, Proposition
1.6]. Therefore, it follows from Theorem 4.6(3) that ǫ(X/k) = 1.
Example 6.4. Let F be an algebraically closed field of characteristic
two. Let k := F(s0, s1, s2, s3) be the purely transcendental extension
over F of degree four. Set
Y := Proj k[x0, x1, x2, x3]/(s0x
2
0 + s1x
2
1 + s2x
2
2 + s3x
2
3).
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Then Y is a regular projective surface over k such that H0(Y,OY ) = k,
(Y ×k k)red ≃ P
2, ǫ(Y/k) = 1, and K2Y = 8 (Example 6.1). For any
i ∈ {0, 1, 2, 3}, let Ci be the curve on Y defined by xi = 0. Then we
have
C3 ≃ Proj k[x0, x1, x2]/(s0x
2
0 + s1x
2
1 + s2x
2
2).
The scheme-theoretic intersection Q := C2 ∩ C3 satisfies
Q = C2 ∩ C3 = Proj k[x0, x1]/(s0x
2
0 + s1x
2
1) ≃ Spec k[y]/(y
2 + t)
for t := s0/s1. In particular, Q is a reduced point and C2+C3 is simple
normal crossing. Let
f : X → Y
be the blowup at Q. For the proper transform C ′2 of C2, we have that
(C ′2)
2 = C22 − 2 = 0. Since −KC′2 is ample, it holds that KX · C
′
2 < 0.
Hence, Kleimann’s criterion for ampleness implies that X is a regular
del Pezzo surface. Since (X×kk)
N
red has a birational morphism to (Y ×k
k)Nred ≃ P
2, it follows from Theorem 4.6(3) (X×kk)
N
red ≃ PP1(O⊕O(1)).
It holds that K2X = K
2
Y − 2 = 6 and ǫ(X/k) = ǫ(Y/k) = 1, where the
latter equation follows from Definition 2.2.
Example 6.5. Let F be an algebraically closed field of characteristic
two. Let k := F(s) be the purely transcendental extension over F of
degree one. Set
Y := Proj k[x, y, z, w]/(x2 + sy2 + zw).
It holds that Y is a regular projective surface such that H0(Y,OY ) = k,
K2Y = 8, and Y ×k k ≃ P(1, 1, 2). Set
Y ′ := D+(y) ≃ Spec k[x, z, w]/(x
2 + s+ zw).
Let Q ∈ Y ′ be the closed point defined by the maximal ideal m :=
(x2+ s, z, w) of k[x, z, w]/(x2+ s+ zw). Let f : X → Y be the blowup
at Q. For the curve C on Y defined by z = 0, we have C2 = 2. Then
its proper transform C ′ satisfies C ′2 = C2 − 2 = 0. By Kleimann’s
criterion, we have that −KX is ample. To summarise, we have K
2
X =
K2Y −2 = 6 and (X×k k)
N ≃ P(O⊕O(2)), where the latter one follows
from Theorem 4.6(3) and Y ×k k ≃ P(1, 1, 2).
Example 6.6. Maddock constructed the following examples.
(1) There exists a regular del Pezzo surface X1 over a field k1 of
characteristic two such that H0(X1,OX1) = k1, X1 is geomet-
rically integral over k1, X1 is not geometrically normal over k1,
and K2X1 = 1 [Mad16, Main Theorem]. It follows from Theorem
4.6(3) that (X1 ×k1 k1)
N ≃ P2.
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(2) There exists a regular del Pezzo surface X2 over a field k2 of
characteristic two such that H0(X2,OX2) = k2, K
2
X2
= 2, and
X2 is not geometrically reduced. It follows from [Tan2, Propo-
sition 1.6] that ǫ(X2/k2) ≥ 1. By Theorem 4.6(3), it holds that
ǫ(X2/k2) = 1 and (X2 ×k2 k2)
N
red ≃ P
2.
6.2. Summary. We now give a summary of the examples established
in the previous subsection.
Table 3. p = 3 case
X K2X ǫ(X/k) (X ×k k)
N
red
Example 6.1 3 1 P2
Table 4. p = 2 case
X K2X ǫ(X/k) (X ×k k)
N
red
Example 6.6 1 0 P2
Example 6.6 2 1 P2
Example 6.2 4 2 P2
Example 6.3 4 1 P1 × P1
Example 6.4 6 1 PP1(O ⊕O(1))
Example 6.5 6 0 PP1(O ⊕O(2))
Example 6.1 8 1 P2
Remark 6.7. The author does not know whether there exists d ∈ Z>0
such that the inequality K2X ≤ d holds for an arbitrary regular del
Pezzo surface X over a field k with H0(X,OX) = k.
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